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A Characterization of Entire Functions Y. a2z with all a,>0
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THEOREM. Let a function f with domain [0, o) be positive and continuous
there. A necessary and sufficient condition for the existence of a sequence
(p.(%))5_y of polynomials whose coefficients are >0, all p,(0) > 0, satisfying
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is that f be the restriction of an entire function Y, _, a,z*, with all a; > 0.

Proof. Sufficiency. For n = 0,1,2,..., set p.(z) = Yo axz*, so that
P4(0) = g, = f(0) > 0. Let € > 0. We may assume some a,(k > 1) is > 0.
Let r >= 0 be such that f(r) > L. Then for all » >> some n, >> 0, we have
pa(r) > €. Hence if n = n, and x > r, we have [[f(x)]" — [p(0)] ] <
1/pa(x) < 1/p,(r) <e. Let ny >ny,besuch that f 0 <x <rand n>=n,,
we have f(x) — p(x) < ef¥0). If n == n; and 0 < x < r, then

GO — [pa()] |
= [f(®) — paX)YF (Dpa(¥)] < [f () — pul(x))if30) < e.

Hence supycaco [[F ()1 — [pa0)] ] < e€ifn=n,.

0 as n-> o

Necessity. Let0 <r << o0. Let #y, 2> 0 be such that supycyes |[f(X)]F —
[P2(0)] | < [2 maxocic, f(¢)]" whenever n > n, . Forsuchann, if 0 < x <r,
then [p(x)]™* > [f()]! — [2 maxe<, f(OI > [2/(x)]*, and  hence
[ f() — pa(0)] = fp(¥)] [FOI — [P0 < 272 [fOI —
[pn()}1|. Therefore if n > n,, then maxyq<, | f(X) — pa(x)] <
2 maxe<e<r fz(x) " SUPp<z e I [f(x)]_l - [pn(x)]—l | — 0 as n — 0. Thus Pn(x)
converges uniformly to fin [0, r]. As the coefficients of each p,(x) are >0,
there are a,, 4, gy ,..., all >0, such that f(x) = X5, axx* throughout
(0, r) ([3, p. 154]; for a very elementary proof see [2]). Since r > 0 is arbitrary,
the result follows.
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